Abstract. The one-dimensional q-state Potts model with ferromagnetic pair interactions which decay with the distance r as 1/r α is considered. We calculate, through a real-space renormalization group technique using Kadanoff blocks of length b, the critical temperature T c (b, q, α) and the correlation length critical exponent ν(b, q, α) as a function of α for different values of q. Some of the very few known rigorous results for general q are reproduced by our approach. Several asymptotic behaviours are derived analytically for q = 2, 3 in the b → ∞ limit. We also obtain extrapolated critical temperatures (b = ∞) for arbitrary values of α > 1 and for q = 2, 3, 4, which we believe approximate the exact ones well, except in the region near α = 2. Furthermore, the use of another extrapolation procedure suitable only in the vicinity of α = 2 led us to conjecture that the exact critical temperature T c (q, α = 2) is the same for any value of q. We also verify that T c (q, α → 1) ∝ (α − 1) −1 ∀q, which is consistent with a recent conjecture of Tsallis.
Introduction
It is well known that one-dimensional spin models can present an ordered state at low temperatures if the microscopic interactions fall off slowly enough with the distance [1] [2] [3] [4] [5] [6] . For example, in the case of the spin- 1 2 Ising ferromagnet with long-range interactions proportional to r −α ij (where r ij is the distance between the spins at sites i and j ), the existence of a phase transition at a non-zero critical temperature was proven by Dyson [1] for 1 < α < 2 and by Frölich and Spencer [5] for α = 2. Moreover, the thermodynamic properties of the systems (the kind described above) near the critical point frequently present new behaviours, which are absent in short-range (SR) models. Hence, the study of such properties is needed in order to gain a deeper comprehension of the general theory of critical phenomena.
Besides their fundamental theoretical interest in physics, microscopic models with longrange (LR) interactions are of interest nowadays in view of their relationship with neural systems modelling [7] , where far away localized neurons interact through an action potential which decays slowly along the axon. Other related problems are spin systems with RKKYlike interactions (1/r α ij cos(ar ij )) which are present in spin glasses [8] , critical phenomena in highly ionic systems [9] , Casimir forces between inert uncharged particles immersed in a § Member of the Nacional Research Council, CONICET, Argentina. E-mail address: cannas@fis.uncor.edu E-mail address: aglae@cat.cbpf.br fluid near the critical point [10] , the kinetic Ising model with random spin exchanges (Lévy flights) [11] , phase segregation in model alloys [12] and pattern recognition [13] . In this paper we address the q-state Potts model [14] with LR interactions, i.e. we consider the Hamiltonian: great improvement has been obtained in the nth cumulant result for the critical temperature of simple ferromagnets as one increases the cell size. In a recent work [22] , one of us adapted the Niemeijer-van Leeuwen RG method [27] to the one-dimensional LR Ising model (in this case it can be shown that the cumulant expansion becomes a series expansion in powers of [22] 1/b α ). In the case of q = 2 states the tie-breaking problem in the majority rule can be easily avoided by considering only blocks with an odd number of sites; for q 3 this ansatz does not work. Hence, in this paper we generalize the above technique by introducing an equally probable tie-breaking majority rule. We expect that this method applied to blocks of increasing lengths b, together with our proposed extrapolation for b → ∞, gives good results for the Potts model, provided the phase transition is a second-order one [15] . The paper is organized as follows. In section 2 the general RG formalism is described. In section 3 we present our results which recover those of [22] for q = 2. Finally, the conclusions are given in section 4.
The RG formalism
We start by constructing Kadanoff blocks of length b > 1, as shown in figure 1 for the particular case b = 3; we will consider, for simplicity, only odd values of b herein. The parameter b characterizes the rescaling length of the RG transformation. The blocks will be numbered by capital letters. We will assign a block-spin variable σ I = 1, 2, . . . , q to every block I . Let us denote by σ
the spin state at the ith site of the block I . Then, defining the dimensionless Hamiltonian
with K ≡ βJ (β = 1/k B T ; hereafter we take k B = 1), a renormalized (block) Hamiltonian is determined by the following RG transformation:
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The symbol Tr {σ I i } denotes a sum over all the configurations of site-spins σ I i , C is a spinindependent constant and
is a weight function which characterizes the majority rule with equally probable tie-breaking, that means: 
with
and
we can rewrite equation (3) as:
Using a cumulant expansion of e −V 0 , a first-order approximation of H can be obtained through: (10) where sdp refers to the spin dependent part on {σ I } of the resulted average. Let r I J be the distance between the centre sites of the blocks I and J (see figure 1) , measured in units of the rescaling length b. For r I J 1 we can approximate [22] r ij ≈ br I J .
Then
Since the expectation value (6) is carried out with a block-independent probability distribution it follows that
.
On the other hand, by symmetry, one has that:
where a i and b i are block-independent functions of K, α, q and the site i. By combining equation (15) with equations (10), (12) and (14), and by using the fact that 
where
is our RG recurrence equation. By using equation (15) we can express a i (K, q, α) as:
Since the nth cumulant of exp(−V ) is of the order of 1/b nα , approximation (10) can be seen as the leading term in a series expansion [22] of equation (3) in powers of 1/b α . Therefore, it is expected that the results will be systematically improved for increasingly high values of b.
Results

Analysis of the recurrence equation
We now analyse the recurrence equation (17) and its fixed points
The typical structure of equation (17) is as follows. It always shows two trivial fixed points: K = 0 (T = ∞) and K = ∞ (T = 0). From equation (18) we found that a i (K, q, α) ∼ 1 ∀i, q, α for K >> 1 (T → 0); hence, from equation (17) we obtain the asymptotic behaviour 
is less than one and there is again no fixed point at finite K. In this case, however, the fixed point K = 0 is attractive and therefore T c = 0 for all values of b, recovering the exact result. Therefore, some value
The borderline value α 1 (b, q) is determined by the condition dK b /dK K=0 = 1. This equation can be solved by noting that
The coefficient A m gives the number of configurations of b spins (where each one can be in the states σ From equation (17) we obtain that dK b /dK K=0 = b 2−α γ (b, q) 2 and therefore
For q = 2 we have that [22] 
b −1/2 and we recover the exact result
For higher values of q the calculation of the quantities A m involves a lot of combinatorial analysis. For q = 3 we found the following expression:
where 
In figure 2 we show our results for different values of q and b = 3 fixed, while in figure 3 we keep q = 3 fixed and vary b. The corresponding curves for other values of q are qualitatively similar.
α → 2 − asymptotic results
For α → 2 − we see that K c → ∞ (T c → 0). The asymptotic behaviour of the recurrence equation (17) in such a limit can be obtained by adding an external field h into the Hamiltonian (2), i.e.
. Then, in the h → 0 limit, it is easy to prove that For K → ∞ we can expand
where KB 1 (b, α) is the energy of the ground state and KB(b, α) is the energy difference between the ground state and the first excited state of H I 0 . These are given by
Then, from equations (22) and (23) we obtain in the
which combined with equations (17) and (18) leads to
The fixed-point equation derived from equation (27) leads to
For α → 2 − the asymptotic behaviour of T c (b, q, α) is then given by the Cauchy function: (29) holds. Since the present RG procedure is systematically improved [22] for higher values of b, the shrinking of such a region in the b → ∞ limit suggests a non-uniform convergence to a non-zero value T c (α = 2), consistently with the exact result for q = 1, 2. In other words, the convergence of T c (b, q, α) towards zero appears to be a mathematical artefact of the RG approximation, that disappears when b → ∞; the leading behaviour of T c (b, q, α) in such a limit will therefore converge to a non-zero value, which is expected to be a good estimate of the exact result. These facts suggest that the whole region of α where the curve T c (b, q, α) versus α shows a negative curvature (and therefore a convergence towards zero for α → 2) to be spurious. Hence, the inflection point of the curve appears to be a good choice for estimating the leading behaviour of the curve in the limit b → ∞. In figure 4 we show the asymptotic behaviour (28) of T c (b, q, α) for q = 3 (similar curves are obtained for other values of q) near α = 2 as b increases. We see that the inflection points (full circles) converge to a non-zero value at α = 2 for b → ∞, while the region of negative curvature tends to disappear (notice that at these points T c /J < 1 ∀b). Hence, we propose the following ansatz: a good estimate of T c (∞, q, 2) can be obtained by calculating the value of T c (b, q, α) at the inflection point of the Cauchy function (29) for finite b and then taking the b → ∞ limit (it can be verified that for values of b > 100 the inflection point of equation (28) coincides with that of equation (29)). This procedure gives the value
for all values of q 2. This result can be tested for q = 2, since for this case several results, obtained by different approximated methods, are available. Actually, the present procedure is almost the same as the one introduced in [22] for the Ising model (q = 2), the only difference being the criterion of extrapolation. A careful comparison of (30) with the corresponding values obtained by other methods shows that the choice of the inflection point is better than the previous one †. In particular, for the Ising model q = 2 (remember that From equations (21), (27) and (28) 
which combined with equation (29) leads to
Using our ansatz equation (30) one, finally, obtains in the b → ∞ limit that:
for all values of q 2 provided that the transition is continuous when α → 2 − . Notice that expression (31) is in contrast with the renormalization group result of Kosterlitz [3] (ν K ∼ [2(2 − α)] −1/2 ) for the Ising case (q = 2).
High temperature asymptotic results
For α → α 
From equation (18) it can be verified that
Then, expanding equation (32) around K c = 0 and α = α 1 up to first order in K c and in (α − α 1 ), and using that b α 1 /2 = bγ (b, q) we find that:
Since Z I 0 = Z I /q (Z I being the partition function of the block I ) and Z I = q b for K = 0, we obtain from equations (18) and (24) that
Therefore, we have the asymptotic behaviour
Since α 1 → 1 for b → ∞, this result suggests that the asymptotic behaviour of T c is proportional to (α − 1) −1 , i.e.
for α → 1 holds for all values of q, provided that the phase transition is a second-order one.
In view of the proportionality constant C(b, q), equation (38) reduces, for q = 2, to
Since B 1 (b, α 1 ) ∼ b ln b for b → ∞, we obtain that lim b→∞ C(b, 2) = 1. Therefore, we find in the limit b → ∞ that
which reproduces known results (see [22] and references therein). It is worth stressing that expression (40) recovers asymptotically the mean-field one [31] . For q = 3 a closed form of G(b, q) (and therefore of C(b, q)) can also be analytically obtained. The detailed form of it can be seen in the appendix. We found numerically that C(b, 3) → constant ≈ 0.67 ≈ 2 3 for b → ∞. These results are consistent with C(∞, q) = 2/q∀q 2, provided that the phase transition is a second-order one. Eventually it might hold also for q = 1, which would be consistent with Schulman's bound [17] 1/p c 2ζ(α) (ζ(α) ∼ 1/(α − 1) for α → 1). It is interesting to compare this result with the mean-field one, which predicts a first-order phase transition for q 3. We calculated the corresponding critical temperature following along the lines of Mittag and Stephen [32] , namely
which for q 1 (where mean field becomes exact [33] ) and α → 1 behaves as
Notice that this exact asymptotic behaviour of T c /J for a first-order transition differs from our result (2/q)(α − 1) −1 which is expected to hold only for continuous transitions. It is worth stressing that the asymptotic functional form (39) agrees with Tsallis' proposal [34] for unifying in a single picture both SR and LR interaction systems. This proposal has recently been verified for Lennard-Jones-like potential systems [35, 36] as well as for LR ferromagnetic Ising models [31, 37] .
Finally, using the same expansion of K c = K b (K c , q, α) around K c = 0 and α = α 1 , and combining it with equation (21) we find that
which, together with the result α 1 (b = ∞, q) = 1, leads, in the b → ∞ limit to
For q = 2 the mean-field behaviour ν = 1/(α −1) holds for 1 < α < 1.5 exactly [6, 18] . Our results suggest that such a behaviour holds, at least asymptotically for α → 1, for all values of q 2. The results of Glumac and Uzelac [24] also suggest such a behaviour for all q 1 and 1 < α 4 3 . So, eventually this asymptotic behaviour for α → 1 might be true for all q, provided the phase transition is a continuous one.
b → ∞ extrapolations for an arbitrary α
Now, we can use the asymptotic behaviours obtained in the preceding section to extrapolate the full curves T c (b, q, α) versus α for b → ∞ as follows [22] . First, we define the rescaled variables figure 5 we plot, for q = 3, y q (x q ) versus x q for different values of b. This figure clearly shows a data collapse for b > 5 (represented by 1 (b, q) ) for q = 3. All curves with b > 5 coincide, within the used scale, with the full curve. a full curve in figure 5) . This also appears for other values of q. Hence, such curves are expected to be good estimates of the b = ∞ ones. Using the results C(∞, q) = 2/q and α 1 (∞, q) = 1 (which we know holds at least for q = 2, 3), we revert such curves into the (T c , α) variables. The results, which are expected to be good estimates of the exact critical temperatures T c (q, α) for values of α near one, are shown in figure 6(a) . In table 1 we compare our results with those obtained by Glumac and Uzelac [24] through finite-range scaling (FRS) (as far as we know, these are the only published results for q > 2), and by Luijten and Blöte [39] (in the case q = 2) using Monte Carlo simulations, for some typical values of α and q. We see that our results show a good agreement with the others for values of α ∼ 1 (the percentual discrepancy is below 11% for α < 1.4), but the difference increases for α → 2. However, it is not expected that our extrapolation gives reliable results near α = 2. First, because the procedure was constructed using the asymptotic behaviours obtained for b → ∞ near α = 1 and therefore we expect these results to be accurate only in such regions. Second, we saw in section 3.2 that for finite b our curves present a spurious convergence to zero for α → 2, which can be in principle associated with a region of negative curvature of T c (b, q, α) that disappears for b → ∞. However, for the (relatively) small values of b used in this section (the exponential growth with b of the number of terms in the RG equations rapidly exceeds our computational capabilities) such a region extends for a wide range of values of α. Therefore, the extrapolated curves obtained in this section also presents the spurious behaviour, even far away from α = 2 (α 1.7)
The same extrapolation procedure can be applied to the critical exponent ν, using the asymptotic behaviour (41) . The numerical results are depicted in figure 6(b) for q = 2, 3, 4; our asymptotic result equation (31) is also represented by a dotted curve. We also include, for comparison, the exact value [18] for q = 2 and 1 < α 1.5 (ν 2 = 1/(α − 1)) and the asymptotic result from Kosterlitz [3] ν K for α → 2 and q = 2 (shown by a broken curve). The discrepancy between our results in the vicinity of α = 2 and our previous prediction (equation (31) ) is not surprising since the present extrapolation method for ν, similar to that for T c , was constructed for reproducing the expected behaviour in the other extreme region (31), while the broken curves correspond to the exact result ν 2 for 1 < α 1.5 and to the Kosterlitz's asymptotic result ν K for α → 2, both for q = 2. (α → 1). For q > 2 all numerical curves are quite indistinguishable within the resolution of the plot and with a little departure from the q = 2 case. This fact, together with the obtained q-independence for the asymptotic behaviours of ν in both the region near α = 1 (equation (41)) and the region near α = 2 (equation (31)), suggests that the critical exponent may be independent of q for all 1 < α < 2. In table 2 we compare our results for ν with the exact ones (q = 2 and 1 < α 1.5) and the corresponding ones obtained by FRS [24] for q = 2 (our results for q > 2 show a little difference with ours for q = 2). Notice that although our results for q = 2 are worse than those of FRS when 1 < α 1.5, we obtain a divergence for α → 2 − (as expected) in contrast with their finite value for ν. The main difference between our results and those of FRS occurs for q > 2, where the FRS values for ν show a strong dependency on q.
Conclusions
The approach adopted here gives an estimate of some critical properties of the LR Potts model as a function of α for different values of q 2, based on an extrapolation of a systematic series of RG calculations. This method allows us to obtain analytically several important quantities as functions of the rescaling parameter b. This fact, in turn, permits us to take the b → ∞ limit, where the results are expected to be highly accurate and perhaps reproduce the exact ones. This last assumption is supported by the recovery of several known results for q = 2 and some of the very few rigorous results available for general q, giving confidence to the validity of the method. It is worth stressing that two different extrapolation methods have been used, each one corresponding to different regions of validity. The first method (section 3.2) applies only to the vicinity of α = 2. In this case our method predicts a remarkable new result, namely that the critical temperature at α = 2 is discontinuous with the same value for all q 2. On the other hand, the second method (section 3.4) is based on some b = ∞ asymptotic results obtained for α → 1, and therefore we believe that the extrapolated critical curves T c (q, α) approximate with high precision the exact ones for α near one. We also believe that the asymptotic functional form T c (q, α)/J ∝ (α − 1) −1 for α → 1 might be exact. Notice that this is consistent with the recent conjectured scalings for generalized thermodynamics which allow an unification of extensive (α > 1) and non-extensive (0 α 1) regimes [34] .
In view of the critical exponent ν(q, α), we obtained, through the first extrapolation method, an asymptotic behaviour for α → 2 − which is the same for all q 2. Although its explicit form may not be the exact one (as it differs from the RG prediction of Kosterlitz [3] for the q = 2 case), it suggests that ν(q 2, α → 2 − ) might be independent of q provided that the transition is continuous when α → 2 − . Some other predictions for arbitrary q and continuous phase transitions, such as the asymptotic behaviour of ν(q, α) for α → 1 and its possible q-independence for all 1 < α < 2, are also of interest. It would be worth testing our conjectures and predictions with other techniques, such as the recent Monte Carlo method for LR spin models [38, 39] .
Finally, one point which requires some discussion is the possible appearance of a firstorder transition for some finite q > q c (for the two-dimensional SR case it is known exactly [40] that q c = 4). For the LR (as well as for the SR) case it was proved [33] that the mean-field theory becomes exact (and therefore the transition is of first order) in the limit q → ∞. We have not found any evidence of a first-order transition, but it is also known that the present kind of RG approach does not detect this type of transition in the twodimensional SR Potts model [41] . As far as we know, this question remains open since the FRS results [24] are also inconclusive in this respect. However, this problem could be solved by introducing appropriately some dilution in the RG formalism [41] and it would be interesting to apply this ansatz to the present case. Other possible extensions of the present paper concern higher-dimensional systems, where the crossover between short-and long-range regimes could be of interest for some real problems [9] . It could also be used to treat more complex interactions such as the RKKY one. Some calculations along these lines are in progress and will be published elsewhere. 
